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Solutions of the heat  conduction equation are obtained which permit 
methods of solving plane boundary problems for analytic functions to 
be applied when the boundary conditions on a surface of revolution 
are satisfied. 

Let us cons ide r  a body V genera ted  by ro ta t ion  of  
a plane region  D about an axis  z. The ma te r i a l  of the 
body is inhomogeneous  and anisotropie ,  i ts  t he rma l  
eonduet ivi t ies  in the d i rec t ions  of  the axes p, z, 0 be-  
ing, r espec t ive ly ,  X t, X~, X3, which a re  different iable  
functions of p: 

~'1=~t(9), ]----1, 2, 3. (1) 

F o r  s teady condit ions in an inhomogeneous ,  an iso t ropic  
medium, taking (1) into account,  the heat  conduction 
equation may  be wr i t ten  in the fo rm 
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We shall  look fo r  t e m p e r a t u r e  T in the f o r m  

T-----u(p)O, (3) 

where  u(p) is a function of p, and �9 is a function of 
the va r i ab les  p, z, 0. We designate  

u = u ( p ) ,  (a=m(9),  ~ = ( o q . - i z , - ~ = ( o - - i z .  (4) 

We note that  
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Substituting (3) into (2), and taking account  of (5) and 
(4), we t r a n s f o r m  (2) into the f o r m  

N == u;~,, { 2 [(~o,)2+ ~ ] O~ 

4_O_O__(lnoZlo, u2) O 
Oo ~ + g(u) + 

where  

We put 

and then 

~3 0 8 } 
eD == 0, (6) 

92~1 O 0 8 

g(.) = r  + "__' 9#_ lno~,~. (7) 
u u Op 

~.2 = (0)') 8)~1, )~ap6o' u 2 = 1, 

g (u) = ~'/u - -  2 (u/u) ~ - -  co" u'/o; u, (8) 

Taking account  of (5), we rewr i t e  (6) in the f o r m  

[a2  a2 ~ ~ 02 ] 
N - ~ u ) ~  -~7~ +-g;z2 + g(u) +pv~: 008 ,v=o.(9) 

We shall  examine the solution of  (9) fo r  ce r t a in  
c a s e s .  

1. The t e m p e r a t u r e  is independent of  0, a 

~2 (O) - c2 ~ (P); c = const, 

We requ i re  that 

g(u) = o. 

~o(o) =co. (lO) 

(11) 

For  condit ions (10) the genera l  solution of  (11) and 
(8) is 

1 . (v) = : J - -  (p + a ) - ' ,  
V cco 

(12) 

where  a, Co a r e  a r b i t r a r y  posi t ive  cons tan t s .  F o r  
At(p) , taking account  of  (10), (12), and (8), we obtain 
the fo rmula  

g~ (p) = co (9 + a)2. (13) 
P 

Since the t e m p e r a t u r e  (3) does not depend on O, t ak -  
ing (10) and (11) into account ,  we obtain the solution 
of (9) in the f o r m  

o = ~ ( ~ ) + r  ~ = c o + i z .  
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Then fo r  t e m p e r a t u r e  (3) we obta in  the  e x p r e s s i o n  

r . -  u(p) l~(U + ,~(UI. (14) 

Thus,  we s a t i s f y  (2) fo r  condi t ions  (10)-(14),  and i t  
i s  c l e a r  that  the  so lu t ion  of the  bounda ry  hea t  conduc -  
t ion p r o b l e m  with a bounda ry  condi t ion  of the  f i r s t  
kind on the s u r f a c e  of  the body V m a y  be a c c o m p l i s h e d  
by known me thods  of the D i r i c h l e t  p lane  boundary  
p r o b l e m ,  th i s  being so fo r  a v e r y  wide c l a s s  of r e -  
g ions  D. 

It  may  be shown tha t  in some  range  of v a r i a t i o n  of 
p, depending on the p a r a m e t e r  a,  i . e . ,  when 

0 < pl ~ p ~ o~, (15) 

funct ion (13) t a k e s  va lue s  c l o s e  to cons tan t .  T h e r e -  
fo re  in the  r ange  (15), so lu t ion  (14) i s  app l i c ab l e  f o r  
i nves t iga t ion  of the t e m p e r a t u r e  of bod ies  of i nhomog-  
eneous  m a t e r i a l .  Indeed,  funct ion (13) has  a m i n i m u m  
at point  p = a,  i . e . ,  Xt (p) > ~ (a) when p < a, p > a. We 
sha l l  r e q u i r e  that  

6 = 0 .05,  then (14) m a y  be used  to i n v e s t i g a t e  homog-  
eneous  bod i e s  having  a r e g i o n  D within the  l i m i t s  of  
(15) and (20), w h e r e  a i s  an a r b i t r a r y  pos i t i ve  con-  
s tant ,  i . e . ,  a >  0 .  

2. The t e m p e r a t u r e  does  not depend on 0 and a:  

),, (,o) ~ Z = const. (21) 

We a r e  r e q u i r e d  to s a t i s f y  (11). Taking  account  of 
(21) and s a t i s fy ing  (11) and (8), we obta in  

f - - - ]  - -  ~ ( p ) = c l / p ' ( l n a p )  4, o ( ( , , )=- - ] ,  c,,V~, nap,  

u (p) ~ (X cl)-',"' In a p, (22) 

w h e r e  a and e 1 a r e  a r b i t r a r y  pos i t i ve  c ons t a n t s ,  Here  
a l so  we sha l l  have (14) and t ake  account  of (4) and (22) 
fo r  the  t e m p e r a t u r e .  

3. We have 

~o'(p)> 0, co(p)~- - - a l .  (23) 

The g e n e r a l  so lu t ion  of (11) and (8) m a y  be wr i t t en  in 
the fo rm 

X~ (p) = ~, [1 + H (p)L 

[ I [ (p) ! -~6  when p l -~p-~p. , ,  p l < a < p 2 ,  (16) 

whe re  6 i s  a su f f i c i en t ly  s m a l l  pos i t i ve  quanti ty,  and 
it i s  a cons t an t .  To s a t i s f y  (16) i t  i s  suf f ic ien t  to de -  
t e r m i n e  cons t an t s  Co, Pl, P2 such that  

~., (a) ----- X ( l - -  6), Xt(pt)-= X~(p~)= ~.(1 -!-6). (17) 

We put 

c~ = Zp~ (l + 6)(0~ + a) -~ (18) 

and subs t i tu t ing  in (13), t ak ing  account  of (18) and 
(17), we sha l l  s a t i s f y  (17)when 

a 

( W l  + 6  4- V ~ ' ~  2 (19) 

V, 
We -ha l l  d e r i v e  v a l u e s  of Ot and 02 when 5 = 0 .05  and 
6 = o. 1, i . e . ,  for  the c a s e s  when the m a x i m u m  d e -  
vial: ions of ha(p ) f r om it = cons t  in the  r ange  (32) a re ,  
r e s p e c t i v e l y ,  5 and 10%: 

6 = 0.05, p~ = 0.5285a, p~= 3,58pl; 

6 = 0.1, p, ~ 0.4024a, p~ ---- 6.18pl. (20) 

Since r e a l  bod ies  a r e  not  in m o s t  c a s e s  a b s o l u t e l y  
inhomogeneous ,  (14) m a y  be used  even to i nves t i ga t e  
the  t e m p e r a t u r e  of bod ies  which a r e  u sua l l y  c o n s i d -  
e r e d  homogeneous .  Of c o u r s e ,  fo r  c a l c u l a t i o n s  wi th  
ac tua l  bod ies ,  s t a n d a r d s  fo r  6 mus t  be  e s t a b l i s h e d  
which  s a t i s f y  the  l i m i t s  (19) and (15), w h e r e  (14) has  
been app l i ed .  In p a r t i c u l a r ,  i f  i t  i s  a l lowable  to put  

! 
u(p) = . -7=- io (p )  + a d - ' ,  

V c2 (24) 

and a c c o r d i n g  to (8) we obta in  

~1 (P) = c2 [~ (p ) ' -  a, P , 
P(~' (O) 

X2(p ) _. c~ (0' (p) i~o (p) -!- a,l ~, (25) 
P 

w h e r e  e 2 and a 1 a r e  a r b i t r a r y  c o n s t a n t s .  When cond i -  
t ions  (23)-(25) a r e  ful f i l led ,  the t e m p e r a t u r e  (14) s a t -  
i s f i e s  (9). 

4. The t e m p e r a t u r e  depends  on 0 on a: 

(e) = x, (p~, ~3 (o) = }1 (~)_ 4~ 2 
, ~ -  cons tan t .  (26) 

He re  co(p) = p, and (9) t a k e s  the fo rm 

N -= u XIAO =: 0, 

O ~ 02 1 02 
h -- + g (u) + (27) 

0 p2 Oz ~ 4~2p 2 0 03 

We sha l l  s e e k  the function �9 in the fo rm 

O, = ~ ak. s p-k.I cO, (~) d ~., ~ -- p + iz, 
k=O k 

(2s) 

where  the  ak,  s a r e  cons tan t s ,  and the funct ion ?s(0)  
s a t i s f i e s  the  equat ion 

y [ ( 0 ) + ~ u  ~ s = ~ ( 2 s +  1). (29) 
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Substituting (28) into (27) and taking (29) into account,  
we have 

AIy,(0)(I),I =~y,(0) ! - ~ z  ~ - : - g ( u ) -  ~2 j 

k-=O 

k l r  

s 

.-= y ,  (0) p -  - "  a~, ~ k 2 * k -;- p 2 g (u) - -  

k='3 

l _ _ s ~ _ s  .... 2(k- i - -  I)ak,l.s %(~)d~ = O. (30) 
4 . 

k 

If  we put 

a k ,  $ 
ao.~ = I, ak+,.~ - - - ( k "  + k - - , r  - - s ) ,  

2(k + 1) 

k = 0 ,  l ..... s - - 1  (31) 

and requ i re  that  

p~-~(u) - -  1/4 ~ p~" [u"/u - -  2 (u'/u) ~'1 - -  1,.'4 = 0, (32) 

then (30) will be sa t is f ied.  The genera l  solution of 
(32) is 

u(p) = c~ (1/|/p - -!- I/(c -- lll p), (33) 

where  c 1 and c a r e  a r b i t r a r y  cons tan ts .  F r o m  (8), 
taking (33) into account ,  we obtain 

I f c = ~ ,  

~, it))=-t,~,(  ( l 1 - "  (34) 

~t (p) ~ l/c~ = const. (35) 

Thus, under  condit ions (33), (34), (26), (29), and (31), 
function (28) is a solution of  (27). Let the t e m p e r a t u r e  
on the sur face  of  the body V be given as 

tl 

T = u (p) X Y' (0) p,, (36) 

where  Ps a re  functions of  the a re  of  the boundary  of 
region D. Taking into account  (3) and (28), we shall  
sa t i s fy  boundary  condit ions (36), a f t e r  solving the 
plane boundary  p rob lems  

Re(Ds =:ps, s = 0 ,  1, 2 . . . . .  n 

with r e spec t  to the analyt ic  functions Cs(~). 

NOTATION 

~ u  ~2tt 
u' = - ~ - ,  . " - o : :  ' R e F - - r e a ! p a r t o f  F; q~((), r  

- -ana ly t ic  functions of the complex  var iab le  (4); f ~ d ~ 
k 

- - the opera t ion  of in tegra t ing  k t i m e s  with r e spec t  to 

~, i . e . ,  i~d~-.~; j '~. '-=!'.~d~; i '~a~=.l'd~S~a~ etc .  
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